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Explicit Crack Problem Solutions of Unidirectional
Composites: Elastic Stress Concentrations
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Sumitomo Metal Industries, Ltd., Amagasaki, Japan

and
Tsu-Wei Chout

University of Delaware, Newark, Delaware

This paper examines the stress concentration problems in unidirectional continuous fiber composites due to
transverse multifilament failure. The loading conditions are considered: uniform load at infinity and concen-
trated force dipole on the crack plane. The boundary value problems are formulated based upon a two-dimen-
sional elastic shear-lag model. The present theory is unique in that the general solution for the multifilament
failure problem is obtained explicitly using the Legendre polynomials and that the stress concentration factors
in all fibers on the crack plane are given in closed forms. The present analysis also provides rigorous proofs of
Hedgepeth's inspection on the tensile stress concentration factor and Fichter's inspection on the shear stress
concentration factor at the tip of a notch.

b
d
EA
Fn
G
^nm
h

Nomenclature
total number of broken fibers
effective fiber spacing
fiber extensional stiffness
nondimensionalized axial force
effective shear modulus

= thickness of composite per one fiber
Kl = stress concentration factor in the (b + s)-th fiber
Kb'* = stress concentration factor at the 5-th fiber from the

tip of a crack containing b broken fibers, due to a
unit applied force at the (b-t)-th fiber

Lnm = axial stress in the n -th fiber due to a unit displacement
at the ra-th fiber

L nm = displacement of the n -th fiber on the crack plane
n = designation of fiber number
P = unit force dipole
Pn(y) - reversible force in the n-th fiber
s = designation of fiber number at the tip of the crack
Smax = maximum shear stress concentration factor
un(y) = fiber displacement
Un = nondimensionalized displacement
y = coordinate in the fiber direction
£ = nondimensionalized coordinate
Tn(y) = matrix shear force per unit length

treated by the shear-lag method,3'11 elasticity theory12'13 and
numerical methods.14'15 Among these approaches, the shear-
lag approach, which is based upon simplified assumptions,
often provides good physical insights of rather complex prob-
lems. The shear-lag method was first adopted by Hedgepeth3

to treat multifilament failure problems of laminated com-
posites. The technique also has been extended to include the
effects of plasticity of the matrix,4'9 and the condition of inter-
facial debonding.5

In this paper, we examine the two-dimensional multifila-
ment failure problem of unidirectional fiber composites, fo-
cusing specifically on the stress concentration factors of fibers
adjacent to the cracks. The physical problems are analyzed by
the two-dimensional shear-lag method under two loading con-
ditions:

a) uniform tensile force applied to all fibers at infinity (Fig.
1)

b) concentrated force dipole applied at a particular fiber,
n-b—tt on the crack plane (Fig. 2).

The present analyses are unique in that the general solution
of the governing equations of the elastic field has been ob-
tained in explicit forms in terms of the Legendre polynomials
for the loading condition (A). Based upon this solution, closed
form expressions of stress concentration factors in all fibers

Introduction

FIBER reinforced composite materials have gained increas-
ing technological importance due to the versatility in pro-

perties and high performance.1'2 The strength of composites is
often affected by fiber breakages due to cracks and cut-outs.
It is thus essential to understand the local stress concentrations
induced by fiber fractures.

The problem of stress concentration in composites has been
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Fig. 1 Model of a multifilament crack in a unidirectional composite
under uniform force at infinity.
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have been derived. Furthermore, we also present rigorous
proofs of both Hedgepeth's inspection4 on the general form of
the tensile stress concentration factor at the tip of a crack and
Fichter's inspection8 on the general form of the shear stress
concentration factor for the loading condition (A).

Since there exists a reciprocal relation between the influence
function matrices for the loading condition (A) and (B), the
solution for the condition (B) can be readily derived from the
solution for the condition (A).

The stress distribution obtained by the present theory gives
more detailed information on the state of deformation around
the crack tip than that obtained by treating the composite as a
homogeneous medium. It also provides a sound basis for
studying the statistical aspects of composite strength and fail-
ure.

General Formulation
The analysis considers a unidirectional continuous fiber

composite containing a slit notch in the transverse direction as
shown in Fig. 1. The fiber direction is taken along the y axis.
The broken fibers are denoted as n = 1,2,3, . . . . ,&, starting
from the left tip of the notch with b being the total number of
fibers in the notch.

Under the assumption of shear-lag analysis,3 the matrix ma-
terial transfers only shear force, rn(y), per unit length between
two adjacent fibers. Thus rn(y) is related to the difference of
displacements un(y) in the fiber direction as

(1)
where G is the effective shear modulus of the matrix, h is the
thickness of the composite per one fiber, and d is the effective
fiber spacing. The tensile force Pn(y) in the «-th fiber is re-
lated to the displacement by

Pn(y) = . da.fr)
d.y (2)

where EA is the extensional stiffness of the fibers.
Following Hedgepeth,4 the nondimensionalized axial force,

displacement, and coordinate are given, respectively, by:

(3)

Then, the equilibrium equations can be written as

(4)

?: 9 K :;::
ft :•• '< „ **•
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Fig. 2 Model of a multifilament crack in a unidirectional composite
under concentrated force dipole in the (b -0-th fiber on the crack
plane.

The boundary conditions are as follows:
Fn(0) = 0, (1 < / i < & )

Un(0) = Q, (/!<0, / i > f c

Fw(±oo)=l , (all /i)

for loading condition (A), and

(/i

(all /i)

(5a)

(5b)

(5c)

(6a)

(6b)

(6c)

(6d)

for loading condition (B).

Loading Condition (A)
Analysis

Hedgepeth3 solved the problem for the loading condition
(A) using Fourier transformation in the following manner.

1 f2*£//i (£)-£ =— V(0,g)e-me d0, (rt=0, ±1, ± 2 . . . )
27TJO

(7)
b

(8)

where
esin- (9)

The unknown constant Un(Q) is obtained by solving the follow-
ing linear equation.

[6]

1/2(0)

(lOa)

where the components of the matrix [G] are

Gnm=-
1

ir[\-4(m-n)2] (10b)

In Hedgepeth's paper4 the influence function Lnm is defined as
the axial stress in the n -th fiber when a unit displacement takes
place at the m-th fiber, and Lnm= —Gnm. The inverse matrix
of [G] in Eq. (10) for an arbitrary number of broken fibers is
difficult to obtain; however, the general form of Un(Q) is ob-
tained explicitly using Legendre polynomials

Un(Q) = ir[2(b -n)+ 1 }\ [2n - 1 ) l/22b[(b -n)l(n- 1)! )2

(11)
In the following it is shown that Un(Q) in Eq. (11) is the

solution for the linear equation (lOa).

Proof
The m-th component of the left side of Eq. (lOa) is given

using Eq. (11)

2 . o
{sin<t> cos(b + 1 -2m)<t>) / f r_, (cos</>) (12)
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where

— k — \

Equation (12) is further transformed into Eq. (14).

(sin0 cos(b+l-2m)</>}Z?2Pfc_i (cos</>)1-
2 Jo

1 d2

i T C d— - j — [sm021 (d<j) -2m)0)

Thus, the expression Un(0) is Eq. (11) is proven to be the
solution of Eq. (lOa).

Using Eq. (11), Un(£) is obtained from Eqs. (7) and (8)

-m)\(m -I)!]2
,

2

and

d?

(19a)

(19b)

Furthermore, the above solution can be expressed in terms of
Legendre polynomials, Pn (cos<#>), as follows (£S;0)

-

(14)

where .£= Z? + 1 — 2m. In the derivations of Eq. (14), the follow-
ing equations are used for relating //,_! (cos</>) and the Legen-
dre polynomials Pb^l (cos</>).

d_
id(t>

(15)

d2

d

(20)

(21)

In deriving Eq. (20), Eqs. (15) and (16) have been used.16

Stress Concentration on the Crack Plane
The stress concentration factors of fibers ahead of the crack

tip on the crack plane are derived in the following. The stress
concentration factor in the (b +s)-th fiber is denoted as Kj,.
From the general solution of Eq. (21) we obtain

2 Jo 6_, (cos<«

(22)

4
7T

where 0 = 6/2 and

rL

LLei(2r-b+l

+
e

(16)

(17)

Furthermore, by using Eq. (18), the last two integrals in Eq.
(14) are shown to be zero for m = 1,2, . . . . , b.

„ , ,sm/i 0 Pw (cos0) d 0 = - ± .o (n-m)(n-m+2)--(n+m)

(18)

for « > m and « + AW is odd
= 0

for h < m or « + m is even

Fig. 3 Stress concentration factor A£ in the (b +s)-th fiber, b de-
notes the number of broken fibers. 5 = 1 corresponds to the special
case of Hedgepeth.
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Carrying out the above integration by parts, the closed-form expression for the stress concentration factor is obtained

*<=(*+*-!)„ *-(^2).(2.+4)...(2.+2fr-2) (23)

Here, we have used the relation of Eq. (18).
As a special case of Eq. (23), the stress concentration factor

in the first intact fiber (s = 1) adjacent to b broken fibers is

4 - 6 - 8 - - - ( 2 6 + 2 )
Z 3 - 5 . 7 - - . ( 2 Z ? + l) (24)

Hedgepeth3 deduced Eq. (24) by inspecting the numerical re-
sults of the case b = 1,2, . . . ,6. Here, his inspection on the
general form of the stress concentration factor has been rigor-
ously proven. Fig. 3 depicts the numerical results for Ks

b.
Furthermore, the maximum shear stress takes place in the

matrix at the tip of the crack. Thus, the dimensionless dis-
placement at the crack tip Ub(0) is termed the maximum shear
stress concentration factor, Smax. By using Eq. (11), we obtain

7r(26-l)!
(25)

Fichter8 also deduced the above result by calculating the cases
of b = 1, 2, . . . ,6, and our solution also gives the rigorous
proof of his inspection.

Fiber Stress Away from the Crack Plane
The axial stress in fibers away from the crack plane can also

be obtained from Eq. (21) and expressed as a series expansion
in terms of the coordinate £

(26)

where

(-1)"

[E] represents the (bxb) unit matrix. Thus the stress in the
c-th fiber (c = b +5) on the crack plane is obtained as follows.

(-1)
" det[I ]

det La-l

La-2,b

La-\,b

Lc,b

(29)

The determinant in Eq. (29) can be evaluated as follows.
Consider the following relation between the influence func-

tion Lnm, the fiber displacements on the crack plane, and the
stress concentration factors under the loading conditon (A)

-i
(n>b) (30)

l+2\m-n\}\\-[2b-2m}\\-(2m-2}\\

(-iy-{2\m-n\-2p-3}\\-[2(b-m)+I}\\-{2m-l}\\
{2p + \+2\m~n\}\\-{2b-2m}\\-{2m-2}\\ (for k: even = 2p) (27a)

and

_______p- (2(b-m)+l} l \ - (2m- \ ] l \_______
'{/? + \m-n\}\-(p-\m-n\]\-(2b-2m)\\-(2m-2}\\

(for k: odd = 2p - 1) (27b)

where n!! denotes the double factorial.

Loading Condition (B)
Analysis

As shown in Fig. 2, we assume a unit force dipole is applied
on the 0-th fiber (a = b —.t). The more general cases with mul-
tiple dipoles are obtained by the linear combination of this
simple solution.

We denote the co-influence coefficient as L*m which repre-
sents the displacement of the n-th fiber when the unit force
dipole is applied on the ra-th fiber at the crack plane. Itjs
obvious that the matrix [L *] is the inverse of the matrix [L]

[Z HZ *] = [Z *]•[!] = [ (28)

where the matrix [L *] is composed of the components L*m and
the matrix [L ] is composed of the component Lnm. The matrix

U% represents the displacement in the A>th fiber on the crack
plane under the loading condition (A), when b fibers are
broken.

For the special case of a = b - c, we can evaluate the deter-
minant of the matrix [L ] in terms of Ub and Kb.

'l (2/ + 2)!!]

* (2/-1)!!
(31)

Using Eq. (31), the stress concentration factor Kc
a,b is re-

duced to the following more simplified form.
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= det

det

0

0

0

<b-2

(b-a

"
(Kb-\ — k\j)

K-b-t-i

0

0
0

0

1

(Kb-2~Kb)
Kb-t-\

0

0
0

1
6 + 1 1!!

b 2\\

0

0
0

b 1 ! !
b-l 211
b+2 3!!

b 4!!

-

v** b — t — \ — &b)

f^b — t— 1

0 1 b-t + 2\
° l b-t+12

. . .

b + t-2 (2f-3)!!
b-l (2t-2)\\
b + t (2^-1)!!

b (20!!

Finally, the above expression is further reduced to the fol-
lowing closed form

(32)

from the crack tip due to the unit applied force dipole at the
Mh fiber has the following value

,s c
a'b 2 (20!!(20-2)!!-(25-2)!!.(2c-l)!!

(33)

where t = b—a,s = c—b. The proof of Eq. (33) is given in the
following section entitled "Proof of Eq. 33".

The highest fiber stress concentration takes place at the edge
of the crack (5 = 1),

(34)

Fig. 4 depicts the numerical results for K^'. For a semi-
infinite crack the stress concentration factor at the 5-th fiber

8 10

Fig. 4 Stress concentration factor Kb* in the (b + l)-th fiber when the
unit load is applied at the (b-t}-lh fiber, b denotes the number of
broken fibers.

lim = 1 (2f + l)!! 25-3)!!
b-oo b> "2(5 + 0* (20!! '(25-2)!!

(35)

The general solution for the stress in the fibers can be ob-
tained from Eq. (33)

(36a)

where

(36b)

Proof of Eq. (33)
The determinant of the matrix [Eq. (32)] can be calculated

by subtracting the nonzero components as follows:

det

0
0

0
0
1

0
0

0
1
0

1
0
0

0 d't di+i
0 1 0
0 1 0 0

o . .

. . . o

(37)

In the following, using the inductive method, we prove that d'k
(k = l,2, . . . , t + 1) is expressed as in Eq. (38) for fixed values
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of 6, 5, and /.

,= 1 3 -5 - - - (2Ar - l ) b-k+l (25)---(25 + 26-2)
k~ 22-4--(2k-2) s + k-l ' (2s - 1)- • -(25 + 26-1)

Proof. For k = 1, by using Eq. (23),

.' ,s+i ^ ,, , (25+ 2)- . - (25+ 26-2)

(38)

-(6+25-1) (25)-•-(25+26-2)
(25 - I ) - - -(25 +26-1)

16 (2s)- • -(25+26-2)
25(25-1)- • -(25+26-1)' (39)

Thus, for k = 1 Eq. (38) is proven to be true.
Then, assume dk is expressed as in Eq. (38) for

k - 1,2, . . . ,AZ. For k = n + 1, we calculate J as follows

, 1 3 -5 - - - (2n+ l ) b-n (25)- - -(25+26-2)
n+l + 2 2 - 4 - - - ( 2 / 7 ) '5 +/i '(25-1)- • -(25 +26-1)

(40)

dn+1 is related to d\ (i = 1,2, . . . ,«) by the following Eq. (41)
[see Eq. (32)]

(2n-2k

Thus,

r j ^ + i H - i Ks
b~"~l b

b+n-2k + 2 l - . . (2 / i -2fc
i b-k + l '2"-(2n-2k

d'k

(41)

Conclusion
A study of the two dimensional transverse crack problem in

unidirectional fiber composites has been performed. Analysis
of the problem is based on the shear lag approach of elastic
materials.

Explicit solutions of the elastic field are obtained for an
arbitrary size of the crack under two loading conditions: uni-
form tensile force at infinity and force dipole on the crack
surfaces.

Stress concentration factors for all unbroken fibers on the
crack plane also have been obtained in closed forms. These
results have been compared with the special cases of
Hedgepeth and Fichter.
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